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ABSTRACT /?943 
The field of earth-moon trajectories is numerically 

surveyed and systematically described. The description is 
based on a classification according to equal time period 
trajectories. Classes of trajectories of constant transit 
time are related to position and velocity data of their 
perigee and periselenum terminals. The position loci of 
the perigee terminals are ordered by a phase angle relation- 
ship with respect to a central point. It is shown that 
trajectories departing from stations of constant phase 
envelop the moon densely and collect, after passing their 
periselenum, at a common point which is called the vertex. 
Gti-ie cl-Lar& c t e  1-2 s tics a lie exiilb 1 ted. 

The survey is accomplished by utilizing a smallest 
characteristic element, which, due to its topologically 
invariant behavior, constitutes a powerful tool for 
generating classes of dimensions larger than that of its 
own. 

The survey covers by application of Miele's Image 
Theorem also the trajectories from moon to earth. 
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,/' SUMMARY 
,' 

,. 
The f i e l d  of earth-moon t r a j e c t o r i e s  i s  numerically 

surveyed and sys t ema t i ca l ly  descr ibed.  The d e s c r i p t i o n  i s  
based on a c l a s s i f i c a t i o n  according t o  equal t i m e  per iod 
t r a j e c t o r i e s .  Classes o f  t r a j e c t o r i e s  of constant  t r a n s i t  
time are r e l a t e d  t o  pos i t i on  and v e l o c i t y  da t a  of t h e i r  
per igee  and periselenurn terminals .  The pos i t i on  l o c i  of 
the per igee te rmina ls  are ordered by a phase angle  r e l a t i o n -  
s h i p  w i t h  r e spec t  t o  a c e n t r a l  po in t .  It i s  shown that 
t r a j e c t o r i e s  depar t ing  from s t a t i o n s  o f  constant  phase 
envelop the  moon densely and c o l l e c t ,  a f t e r  passing t h e i r  
periselenurn, a t  a common point which i s  c a l l e d  t h e  ver tex .  
Other c h a r a c t e r i s t i c s  are exhibi ted.  

The sijrvey is accomplished b y  l ~ t i l i z i r , ~  b u I - A L L - - - -  s m a l l  n s t  
c h a r a c t e r i s t i c  element, which, due to its t opo log ica l ly  
i n v a r i a n t  behavior,  c o n s t i t u t e s  a powerful tool f o r  gener- 
a t i n g  c l a s s e s  of dimensions l a r g e r  than that  of i t s  own. 

The survey covers by app l i ca t ion  of Mie le ' s  Image 
Theorem a l s o  the  t r a j e c t o r i e s  from moon t o  e a r t h .  

/---' 

,/'* 

/- 

/ 
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SECTION I. INTRODUCTION 

The objec t ives  of t h e  s tudy  repor ted  here were t o  
generate  a f u l l  survey of t he  f i e l d  o f  t r a j e c t o r i e s  between 
e a r t h  and moon and t o  present  t h i s  survey i n  a sys temat ic  
way. 

F o r  the desc r ip t ion  o f  the  f i e l d ,  i t  was aimed a t  
c r e a t i n g  notions that a r e  geometrical ,  s i n c e  i t  i s  bel ieved 
tha t  these  not ions a r e  grasped e a s i e r  and r e t a i n e d  longer .  

The means of a r r i v i n g  a t  the  survey were numerical  and 
experimental ,  w i t h  generat ion of concepts and c l a s s i f i c a t i o n s  
during the  process of data c o l l e c t i o n .  The t r a j e c t o r y  
ca l cu la t ions  were done by Cowell 's  method. 

The range of parameters i nves t iga t ed  i s  s u f f i c i e n t l y  
l a r g e  t o  encompass a l l  cases  of  p resent  day i n t e r e s t  of 
app l i ca t ion .  

SECTION 11. DESCRIPTION OF APPROACH 

Solving the  genera l  problem of  f l i g h t s  f r o m  e a r t h  t o  
moon (which  we c a l l  "earth-moon t r a n s i t s ' '  from now on) by 
numerical  means r equ i r e s  surveying the  t r a n s i t s  f o r  r ep re -  
s e n t a t i v e  ranges of a l l  parameters involved. Studying t h e  
v a r i e t y  of parameters involved l e t s  t h e  task seem almost 
hopeless .  The parameters a r e :  

b o d i e s ,  the non-uniformity o f  t he  bodies,  the  varying 
d i s t ance  o f  t he  bodies,  

1. Gravi ta t iona l ,  as caused by the  number o f  c e l e s t i a l  

2.  Graphical,  as caused by t h e  movement o r  r o t a t i o n  
of t h e  e a r t h  (geography) o r . o f  t he  moon (selenography),  

3. S t a t e -desc r ip t ive ,  as th ree  f o r  p o s i t i o n  d e s c r i p t i o n  
and t h r e e  f o r  v e l o c i t y  desc r ip t ion ,  r e f e r r i n g  t o  coordinate  
systems a t  e a r t h  and moon, 

4. Time-descriptive,  a;; r e f e r r i n g  t o  time o f  departure  
f r o m  e a r t h  o r  t i m e  o f  a r r i v a l  a t  moon o r  t o  the  time period 
of t r a n s i t  dura t ion .  

It w i l l  be shown i n  the  following tha t  one can ga in  
f u l l  cont ro l  o f  the  volume of  earth-moon t r a n s i t s .  T h i s  i s  
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done by the differentiation between influential parameters 
and "weak" ones and by a stepwise building-up of patterns 
of sub-classes of transits. The fact that the sub-classes 
are easily imaginable helps the reader in creating a pictorial 
or geometric concept of the full volume. 

We will reduce the problem temporarily to a much simpler 
one by freezing the parameters ~~ of weak ~~ influenceto ~~~ a fixed ~ 

ValueTichTay also be-Ero, solve for the remaining core 
of the problem, and subsequently stepwise thaw the frozen 
parameters to explore their influence. The thawing process, 
however, is carried through in this paper with only the more 
interesting parameters. 

~~ 

The reduction of the problem proceeds in the following 
way. 

1. Mass of the celestial bodies other than earth and 
moon is temporarily neglected. 

2. Earth and moon are considered temporarily as homo- 
geneous masses with central gravitational fields. 

3. Motion of the earth-moon system is temporarily 
considered as that of the restricted three body problem with 
the following constraints: 

Earth-moon distance: 3.85080 x 10' lan. 
Earth-barycenter distance: 4.6747195 X l o3  km. 

G an)! x 1 ~ 2 ~  FIaytk? m2ss: 2 -  J -  irrc  "-6 

Moon mass: 
Earth radius : 

7.255 X kg - 
6370 lan. 

Moon radius: 1738.3 lan. 
Revolution period of earth-moon system: 27.524318 days 

4. The geographical and selenographic coordinate system 
is replaced by a system that is referenced to the plane of 
the earth-moon motion and to the earth-moon line. It is 
called the MEP-System ( "Moon-Earth-Plane") . 
is flight-mechanically the only significant system. Expressing 
our study-results in a geographical net system requires then 
simple coordinate transformations. 

The MEP-System 
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The MEP-System: On e a r t h  and moon, MEP-equators 
are defined as the  i n t e r s e c t i o n s  o f  t he  MEP w i t h  the  bodies .  
MEP-poles a r e  perpendicular  t o  the MEP through the  cen te r s  
of t he  body w i t h  the' no r th  d i r e c t i o n  i n  agreement w i t h  the  
p o s i t i v e  d i r e c t i o n  of the r o t a t i o n a l  v e l o c i t y  vec to r  of the 
earth-moon l i n e .  On both bodies,  the MEP-latitude c i r c l e s  
a r e  defined i n  consis tency w i t h  the d e f i n i t i o n s  of MEP- 
equators  and MEP-poles, p o s i t i v e  l a t i t u d e  extending from the 
equators  t o  t he  no r th  poles .  MEP-longitudes are measured by 
g r e a t  h a l f - c i r c l e s  from pole  to pole ,  the  zero  longi tude  a t  
t h e  moon being the  n e a r e s t  to t he  ear th ,  a t  the  e a r t h  being 
f a r thes t  from the  moon. Longitudes are measured eastward 
through 360 degrees,  e a s t  being def ined as forming a r i g h t  
screw system w i t h  nor th .  The MEP-System r o t a t e s  w i t h  t he  
earth-moon l i n e .  T h i s  coord ina te  system i s  i l l u s t r a t e d  on 
Figure 1. 

5. The behavior of  t r a n s i t s  i s  descr ibed  by re ference  
to t h e i r  s ta te  va r i ab le s  a t  t he  po in t s  of nea res t  approach 
t o  ear th  and t o  moon. These po in t s  are c a l l e d  per igee and 
periselenum ( f o r  b rev i ty ,  " p e r i s e l " ) .  A l t e rna te ly  the  terms 
"departure" and " a r r i v a l " ,  o r  c o l l e c t i v e l y  llterminalsll a r e  
used, though t r a n s i t s  w i l l  a l s o  be s tud ied  beyond t h e i r  
t e rmina ls .  Since the  f l i g h t  pa th  i s  ho r i zon ta l  a t  a te rmina l ,  
one of the s ix  s t a t e - v a r i a b l e s  i s  frozen.  Note t ha t  t he  t e r -  
minal po in ts  may l i e  i n s i d e  the volume o f  ea r th  o r  moon, or 
both.  

6. Consideration of absolu te  t i m e  f o r  depar ture  from 
e a r t h  o r  f o r  a r r i v a l  a t  moon i s  rendered unnecessary by t h e  
f a c t  t ha t  t h e  terminals are posit ion-wise referenced t o  t h e  
MEP-System. The not ion  of " t r ans i t - t ime"  remains as an  
important parameter and shal l  be t h e  time-period spent  i n  
t r a n s i t  between the  te rmina ls ,  t h a t  is ,  between per igee and 
p e r i s e l .  

7. We f r eeze  temporar i ly  the r a d i i  ( o r  a l t i t u d e s )  of 
the terminals  : 

Perigee r ad ius  = 6555.0 km. 
o r  Perigee a l t i t u d e  = 185.0 km. 

P e r i s e l  radi-us = 1923.3 km. 
o r  P e r i s e l  a l t i t u d e  = 185.0 km. 

8. The t r a n s i t  t i m e  w i l l  be temporar i ly  f rozen  to the  
I per iod  of 72 hours.  



The general problem is now reduced t o  the form: survey 
the transits from earth t o  moon which have their perigee at 
185 km above the earth's surface and perisel at 185 hn above 
the moon's surface and require a transit time of 72 hours 
between these terminals. 

SECTION 111. THE SMALLEST CHARACTERISTIC ELE"T 

The class of all 72 hour transits between-the-kxo Lax!-- 
rta3 %FtitudtesrS m i l l  too-large t o b e  treated summarily and 
to serve as easily conceivable memory-piece. Rather, we 
construct a class of the next lower order which serves then 
as the generating element f o r  the larger class. The class 
of lower order may be looked upon as the "smallest character- 
istic element." 

To introduce this element, we proceed from the two- 
dimensional case. We search numerically f o r  those transits 
that lie completely in the moon-earth plane ("embedded 
transits") and satisfy the listed conditions of terminal 
altitudes and time. The parameters available f o r  this 
isolation problem are longitude and velocity magnitude at 
the terminals. Selecting values at one terminal determines 
the values at the other terminal. After we (arbitrarily) 
agree t o  calculate our transits in the direction from earth 
t o  moon, we utilize at the earth the parameters *of longitude 
and velocity to isolate for the two values of arrival alti- 
tude and transit time. 

We may leave the earth "eo-rotationally" and "counter- 
rotationally" (these terms are used here in preference to 
the conventional astronomical t e r m  ll!!irect" and "retrograde '! 1. 
T.0 construct our characteristic element, we select the co- 
rotational direction. Two solutions are found: one being 
eo-rotational at the moon, the other counter-rotational. 
These are plotted on Figure 2. Note that the longitude 
values of the two departure points are 47.110 and 48.33O, 
leaving a distance between them of 1.22O. 

The crucial step for constructing the smal.lest charac-, 
teristic element is following the desire t o  construct a 
smallest family of transits that completely envelops the 
moon in three-dimensional space. For this purpose we allow 
the velocity vectors at perigee t o  point out of the moon- 
earth plane, while the locations of the perigee points are 
still kept in this plane. The isolation is done by choosing 
stepwise a longitude and varying velocity magnitude and 
azimuth (or inelinat-ion) t o  satisfy perisel altitude and 
transit time. 



On Figure 3 this family of transits is shown.. The 
velocity vectors have a largest relative azimuth from the 
earth-moon plane of r t 5 . 4 O .  These largest-azimuth-connected 
transits pass the moon (or'by-fly" the moon) in polar 
directions . 

SECTION IV. THE VERTEX-CONCEPT 

An all-important notion may be introduced here which 
not only helps in obtaining easier mental control of the 
larger class of transits which we are going to discuss 
shortly, but is also of eminent practical value. 

to Figure 4. Studying the family of transits that was con- 
structed in the last chapter with respect to its behavior at 
the moon, we recognize that the perisel locations form a 
nearly perfect circle, and that the transits, if continued 
beyond their perisel points, cross through a small volume 
which, for all practical purposes, may be called a point, and 
that this point lies on the line from the center of the moon 
through the center of the perisel circle. We refer to the 
small volume of transit crossings as the "vertex" of this 
family of transits. Where there is no cause for misunder- 
standing, we will use the term "vertex" also for the projec- 
tion of the vertex point on the surface of the moon. The 
phenomenon of bundling of a family through a small volume is 
referred to as "verticing" or "vertexing. 

For illustration of the following, the reader is referred 

I I  

Note that for the family of transits shown, the vertex 
is at latitude zero and at longitude 130°. 

To summarize the development up to this point, we may 
say: 

By varying the departure location one-dimensionally 
and allowing velocity magnitude and azimuth to be varied, 
we constructed a one-parameter faiiiiiy (zlr class) of 72-hnvr 
transits that envelop the moon densely, have a virtually 
circular locus-curve of perisels and are vertexing on a 
radial line through the center of the perisel circle. 

A family constructed in this way is the smallest 
characteristic element of the larger class of all 72-hour 
transits. 
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In the course of our numerical survey, we have found 
that such a "generating element" exists f o r  all classes 
of transits of constant transit times studied. The range 
investigated is from 60-hour transits to 96-hour transits. 

We proceed now to produce the complete 72-hour survey 
utilizing the generating element. 

SECTION V. PROCEDURE OF GENERATING 
THE FULL SURVEY OF THE 72-HOUR TRANSITS 

As yet, the departure locations were frozen to a one- 
dimensional region, i.e., MEP-latitude zero. Expanding it 
into the second dimension can be done in various ways and 
is to a degree arbitrary. We have studied, beside the way 
we propose later, the method of varying systematically the 
latitude of the departure locations. We found that some 
convenient features which we would like to expound are not 
easily demonstrated by latitude variation; hence, this was 
abandoned in favor of the phase-angle variation. 

This method of phase-angle variation may be explained 
in the following way. 

In Section 111, we started the development of the 
smallest characteristic element by referring to two "embedded" 
transits departing the earth co-rotationally. Actually, there 
is another pair of embedded transits that depart from the 
earth counter-rotationally, one of which arrives at the moon 
co-rotationally, the other counter-rotationally. Associated 
to these two transits, there is also a segment on the MEP- 
equator from which an enveloping family of transits can be 
started by varying azimuth and velocity. The observation of 
the existence of two opposite segments for departure locations 
gives rise to defining a center-point C between these segments, 
connecting the point with the center of the earth, and con- 
sidering this radial line as the nodal line for great circles 
along which the search for possible departure points can be 
made. This procedure is schematicalby shown on Figure 5. 

Since our discussions from now on are mainly referring 
to this pencil o f  great circles, it is expedient t o  intro- 
duce a few new terms and a coordinate reference system 
directly related to the pencil o f  circles. 

We look at this pencil as one of half-circles rather 
than of full circles. Each half-circle starts at the center- 
point C and ends at the point diametrically opposite to C. 
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The radial l i n e  f rom C through t h e  cen te r  of t h e  ear th  i s  
t h e  common l i n e  of t he  half-planes a s soc ia t ed  t o  t he  ha l f -  
c i r c l e s .  

Any point on t h e  s p h e r i c a l  sur face  corresponding t o  
185 km a l t i t u d e  can now be def ined by two coordinates ,  
f i r s t  t h e  p a r t i c u l a r  h a l f - c i r c l e  on which i t  l i e s ,  and 
second, the d is tance  i t  has f rom the center-point  C .  The 
h a l f - c i r c l e  i d e n t i f i c a t i o n  i s  done by g iv ing  t h e  i n c l i n a t i o n  
of t h e  h a l f - c i r c l e  plane t o  t h e  equator  plane,  more s p e c i f i -  
c a l l y  t o  the half-plane of t h e  equator  t h a t  i s  e a s t  of t he  
poin t  C .  We s ta r t  by going northward and l i k e  t o  count t h e  
i n c l i n a t i o n  through 3600. Since t h i s  i s  uncommon t o  i n c l i -  
n a t i o n  measurements, we rep lace  the  term " i n c l i n a t i o n "  w i t h  
t h e  term "phase-angle" o r  simply "phase. 11  

The second angle which we need for def in ing  a poin t  on 
the  sphe r i ca l  sur face  i s  t h e  angle  measured a t  t h e  cen te r  
of t h e  e a r t h  between the  r ad ius  t o  t he  cen te r  C and the 
r ad ius  t o  the point  of i n t e r e s t .  We c a l l  t h i s  angle  " the  
d i s t ance  angle" or simply "d is tance .  I '  

Figure 5 shows the  def ined angles  p i c t o r i a l l y .  

We owe s t i l l  an exac t  d e f i n i t i o n  of t he  l o c a t i o n  of 
t h e  center-point  C,  but take allowance t o  delay t h i s  f o r  
a moment and proceed w i t h  t he  task of  c r e a t i n g  the f u l l  
survey of the 72-hour t r a n s i t s  w i t h  the  te rmina l  a l t i t u d e  
c o n s t r a i n t s  as discussed before .  

I n  p r inc ipa l ,  f o r  every point  on t h e  s p h e r i c a l  su r f ace  
of  185 km above t h e  e a r t h ,  t he  problem i s  t o  be answered: 
Does a t r a n s i t  exis t  t h a t  has i t s  per igee a t  t h i s  po in t  and 
sat isf ies  the c o n s t r a i n t  of p e r i s e l  a l t i t u d e  and t r a n s ' i t  
t i m e ?  I f  there  were more than  one t r a n s i t  f rom a depar ture  
po in t ,  a l l  of them would have t o  be recognized. 

mi-- -.- - _ _  
Illt: rI-t:eu",,l or  s t a t e  var?lables I;; two-dimznsiGnal with 

r e spec t  t o  p o s i t i o n  ( a l t i t u d e  i s  f rozen)  and two-dimensional 
w i t h  respect  t o  v e l o c i t y  (pa th  angle i s  f rozen  t o  h o r i z o n t a l ) .  

The method of proceeding i n  t h e  survey i s  suggested by 
t h e  e a r l i e r  de r iva t ion  of a s d a l l e s t  c h a r a c t e r i s t i c  element. 
If w e  l o o k  back a t  t h i s  now, we recognize t h a t  the fami ly  
der ived t h e r e  i s  t h e  answer t o  our problem for the case 
t h a t  t h e  phase angle  i s  f rozen  t o  zero degrees.  What i s  
l e f t  t o  make the survey complete i s  the opening of t he  phase 
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angle  up t o  3600. 
i nc reases  of t h e  phase angle, and f o r  each chosen phase angle ,  
the  poin ts  along the  h a l f - c i r c l e  a r e  checked f o r  "departure  
allowance." The check f o r  departure  allowance i s  i n  p r i n c i p l e  
a running through a l l  combinations of the two remaining 
degrees of freedom, azimuth and magnitude of ve loc i ty ,  t o  f i n d  
a l l  t r a n s i t s  s t a r t i n g  from t h i s  po in t  t h a t  s a t i s fy  t r a n s i t  
t ime and p e r i s e l - a l t i t u d e .  

Thus, we choose s u f f i c i e n t l y  small s t e p  

U t i l i z i n g  t h e  concept and re ference  system introduced 
before ,  the r e s u l t s  of th i s  search 'procedure can now be 
presented i n  e a s i l y  comprehensible form. 

For each f rozen  phase angle (which i s  i d e n t i c a l  t o  
saying:  along each f ixed  h a l f - c i r c l e  of our p e n c i l )  w e  f i n d  
that  a l l  t r a n s i t s  o r ig ina t ing  a t  t h i s  h a l f - c i r c l e  c o n s t i t u t e  
a family which has the same c h a r a c t e r i s t i c s  tha t  were exhib- 
i t e d  by the sma l l e s t  c h a r a c t e r i s t i c  element o r i g i n a l l y  der ived 
f o r  t he  zero phase angle  departures .  

S p e c i f i c a l l y ,  ( a )  the loca t ions  from which t r a n s i t s  are 
poss ib l e  c o n s t i t u t e  a small segment on the h a l f - c i r c l e ,  
extending over a f e w  degrees only, ( b )  t h e  volume of ve loc i ty -  
d i r e c t i o n s  of the t r a n s i t s  a re  centered w i t h  t he  d i r e c t i o n  of 
t h e  h a l f - c i r c l e  plane out of which the  t r a n s i t s  o r i g i n a t e .  
The l a r g e s t  angle which a ve loc i ty  vec tor  makes w i t h  i t s  
a s soc ia t ed  c i r c l e -p l ane  i s  l e s s  than 6 degrees.  

For the  a r r i v a l  geometry a t  t h e  moon, we f i n d :  ( a )  
Each family of t r a n s i t s  startTng f rom a h a l f - c i r c l e  of fixed 
phase an l e e n v e l o p s t h e  moon densely i n  a one-parameter 
fash ion  ?no double poin ts  p r i o r  t o  reaching the  ve r t ex ) .  
( b )  
a locus curve t ha t  i s  v i r t u a l l y  a c i r c l e .  ( c )  A l l  t r a n s i t s  
of a fixed-phase t r a n s i t - c l a s s  c o l l e c t  i n  a ver tex .  The 
r ad ius  f r o m  the  moon's center  t o  t h e  ve r t ex  oes through the 
c e n t e r  of the a s soc ia t ed  p e r i s e l - c i r c l e .  
and the  magnitude of t h e  p e r i s e l  c i r c l e s  and t h e  l o c a t i o n  of 
the a s soc ia t ed  v e r t i c e s  a r e  func t ions  of the  depar ture  phase 
angle .  

The p e r i s e l  po in t s  of a fixed-phase t r a n s i t - c l a s s  form 

(d7 The l o c a t i o n  

Before proceeding w i t h  a q u a n t i t a t i v e s u r v e y  of the  
r e s u l t s ,  w e  would l i k e  to f i l l  the  gap, l e f t  open before ,  
concerning t h e  exac t  determination of t he  center-point  of  
the penc i l  of h a l f - c i r c l e s .  It i s  understood t h a t  th i s  
center -poin t  i s  i n  t h e  MEP-equator plane.  For i t s  longi tude  
determination, w e  would l i k e  t o  br ing  t h i s  i n  r e l a t i o n  t o  a 
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I The next f i g u r e  (#7) shows once more the e s s e n t i a l  
f e a t u r e s  a t  e a r t h  and moon, but i n  a s l i g h t l y  more a b s t r a c t  
form which o f f e r s  a l s o  a q u a n t i t a t i v e  reading.  The b e l t  o f  
depar ture  s t a t i o n s  i s  shown on t h e  MEP-grid of longi tudes 
and l a t i t u d e s .  The a r r i v a l  c h a r a c t e r i s t i c s  on t h e  moon a r e  
shown by the loca t ions  o f  some p e r i s e l - c i r c l e s  on t h e  moon's 
MEP-grid and by the  l o c a t i o n s  of  the  ver tex-poin ts .  I n  
a d d i t i o n  t o  the  s i n g l e  p e r i s e l - c i r c l e s ,  t he  whole a r e a  of 
po in t s  t h a t  o f f e r  a p e r i s e l  p o s s i b i l i t y  i s  shaded. P e r i s e l -  
c i r c l e s  and ver tex-points  a r e  again l abe led  by the  phase 
angle  @ of e a r t h  depar tures  belonging t o  t h i s  family.  

d i s t inguished  t r a n s i t .  There i s  one t r a n s i t  t ha t  depar t s  
f rom i t s  perigee i n  exact  n o r t h e r l y  d i r e c t i o n  and a r r i v e s  
a t  i t s  p e r i s e l  from exact  n o r t h e r l y  d i r e c t i o n .  We s e l e c t  
then  the longitude of t h e  center -poin t  C such t h a t  it i s  
overflown by t h i s  t r a n s i t  when the t r a n s i t  i s  continued 
backwards beyond i t s  per igee.  

SECTION V I .  QUqNTITATIVE DESCRIPTION 
OF THE CLASS OF 72-HOUR TFiANSITS 

To c rea te  a f e e l i n g  f o r  t he  magnitude of  the a r e a  on 
e a r t h  f rom which departures  of t he  72-hour c l a s s  ( w i t h  the 
l i s t e d  c o n s t r a i n t s )  a r e  f e a s i b l e ,  w e  r e f e r  t o  Figure 6 which 
shows i n  geometrical  fash ion  the  l o c i  of poss ib l e  depar ture  
s t a t i o n s  and the  near e a r t h  geometry of t he  t h r e e  sub-classes  
t h a t  depart  from loca t ions  w i t h  phase angles  of 0, 90, and 
180 degrees. The a r e a  of departure  s t a t i o n s  has the  shape 
of a b e l t  that  covers across  i t s  f u l l  ex t en t  about 15 degrees 
of longi tude and l a t i t u d e .  I t s  s t r i p - t h i c k n e s s  v a r i e s  from 
about 1.5 degrees a t  i t s  e a s t e r n  p a r t  t o  l e s s  than one degree 
a t  i t s  western p a r t .  The cen te r  of t h e  b e l t  i s  loca ted  nea r  
41 degree MEP-longitude. 

moon of t he  t h ree  sub-classes  of t r a n s i t s .  ( T h i s  p i c t u r e  
had t o  be d i s t o r t e d  somewhat f r o m  t h e  t r u e  geometry i n  
o rde r  to bring out more c l e a r l y  t h e  s a l i e n t  f e a t u r e s . )  
Shown is  the geometry of the  t h r e e  sub-classes  a f t e r  they  
pass t h e i r  p e r i s e l - c i r c l e  up t o  t h e  poin ts  where they con- 
verge to the v e r t i c e s .  These f e a t u r e s  are t h e  key-features 
of sub-classes,  wel l  s u i t e d  f o r  acqui r ing  mental con t ro l  of 
t h e i r  behavior i n  the  l a r g e .  The v e r t i c e s  are marked by 
the phase angle @ t o  which the sub-class  w a s  a s soc ia t ed  a t  
e a r t h .  We n o t i c e  t ha t  MEP-northern depar tures  r e s u l t  i n  
MEP-southern ver tex  loca t ions .  

The same f i g u r e  (e) shows the a r r i v a l  geometry near  
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The a r e a  o f  a l l  p e r i s e l  l o c a t i o n s  a l s o  has the shape o f  
a b e l t .  I t s  t o t a l  extension covers longi tude  and l a t i t u d e  
d i f f e r e n c e s  of about'  120 degrees.  I ts  s t r i p - t h i c k n e s s  v a r i e s  
from a few degrees a t  t h e  eas t  side t o  about 20 degrees a t  
the west side- of it. 

A remark may be made here w i t h  r e spec t  t o  a symmetry l a w  
i n  t h e  r e s t r i c t e d  three-body problem, which probably i s  se l f -  
ev ident  t o  t h e  reader. To every t r a n s i t  there exis ts  a second 
t r a n s i t  that  i s  generated by r e f l e c t i o n  on the earth-moon 
plane.  T h i s  l a w  i s  observed here i n  the symmetry w i t h  r e spec t  
t o  the earth-moon plane o f  the depar ture  b e l t ,  t h e  area of 
p e r i s e l s ,  and the locus-curve of v e r t i c e s .  

A complete survey of the c h a r a c t e r i s t i c s  o f  the 72-hour 
t r a n s i t s  would now conta in  information about a l l  state- 
v a r i a b l e s  as func t ion  of o ther  s t a t e - v a r i a b l e s .  Though t h i s  
material w a s  generated i n  the course of t he  survey, w e  con- 
s ider  the pub l i ca t ion  of i t  t o  be ou t s ide  of the scope of 
t h i s  paper.  It w a s  f e l t  t h a t  the p r i n c i p a l  a i m  of t h i s  paper 
should be the expos i t ion  of the per igee b e l t ,  the p e r i s e l  
area, the ve r t ex  concept,  and the s t r i k i n g  f u n c t i o n a l  depend- 
ence between ve r t ex  l o c a t i o n  and depar ture  phase angle .  
Information beyond t h i s  w i l l  be published i n  a s e p a r a t e  
comprehensive r e p o r t .  

A preview t o  a p a r t i c u l a r  f e a t u r e ,  however, might be 
included here b r i e f l y .  T h i s  concerns a type of symmetry 
that  concerns the topo log ica l ly  i d e n t i c a l  behavior of  t he  
t r a n s i t s  near  earth t o  those near  moon. 

t o  the p o s s i b i l i t i e s  t o  construct  v e r t i c e s  f o r  depar t ing  
t r a n s i t s  a t  e a r t h  and a coordinat ion of depar ture  v e r t i c e s  
t o  a r r i v a l  s t a t i o n s  of equal phase-angles a t  the moon. Thus, 
the whole s t r u c t u r e  e laborated on i n  the  previous parts of 
t h i s  paper can w e l l  be reversed w i t h  r e spec t  t o  earth and 
moon. An e l abora t ion  on t h i s  f e a t u r e  i s  a l s o  de fe r r ed  to a 
l a t e r  r e p o r t .  

( W e  might c a l l  t h i s  
L U I  Pn-n l a c k  of a better t e r n  " the  body-s;vmetry.") T h i s  r e f e r s  

SECTION V I I .  SURVEY OF TRANSITS RELATED 
TO TRANS.IT TIMES BETWEEN 60 AND 96 HOURS 

A p r a c t i c a l  way and maybe the only poss ib l e  way t o  
expand a numerical  i n v e s t i g a t i o n  i n  dimension i s  the s e l e c -  
t i o n  of r ep resen ta t ive  values of t he  parameter t o  be var ied  
and apply stepwise t o  a l l  s e l ec t ed  va lues  the same type of 
i n v e s t i g a t i o n  which w a s  appl ied before  t o  the i n i t i a l l y  
f rozen  value of t h e  parameter. 
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This is the way in which we now proceed to find a 
solution to the transit problem over an extended range of  
transit times. Of interest to the application field at the 
present time is the range between the 60 hour transits and 
the 96 hour transits. This range will be sampled at four 
points, namely at 60, 72, 84, and 96 hours. The coverage 
which was described before for the class o f  72-hour transits 
is in a similar fashion produced for the three other selected 
transit times. 

This investigation did not encounter features that were 
structurally (or topologically) different from those found 
and exhibited here for the 72-hour class. Learning o f  this 
may be disappointing for the scientist who is out for the 
exciting discoveries of pathological behavior of functions, 
but is pleasing to the engineer whose task it is to design 
for a variety of applications. 

Because of the structural affinity of  the sampled 
classes to the 72-hour class, there is no point here in 
expounding detailed steps of the investigations. Rather, 
it suffices to compare for the four classes the key features. 
These obviously are the locations of the terminals, as the 
belt of perigee locations and the area of perisels with the 
coordinated vertex positions. Figure 8 shows the earth 
terminals for the four classes. Notice is given to the 
longitudinal shift of them and their shrinking in over-all 
diameter as transit times increase. Figures 9 and 10 depict 
the areas of perisels and their vertices. The coordination 
of the vertex-points to the phase-angle of the corresponding 
departure stations is following the pattern as shown on 
Figure 7 f o r  the 72-hour class. 

Detailed quantitative surveys will be published in a 
separate publication. 

SECTION VIII. CONCLUDING REMARKS 

The reader will recognize that thawing other parameters 
and investigating their effects on the transit behaviors will 
now be a routine procedure. The authors, therefore, will 
refrain here from discussing these effects. 

A few features of practical interest may be pointed out 
instead. 



1. The s ign i f i cance  of t h e  ver tex  phenomenon l i e s  i n  
the f a c t  that  the ver tex  pos i t i on  determines by i t s  l a t i t u d e  
datum the sma l l e s t  i n c l i n a t i o n  that  any t q a n s i t  of the 
coordinated family may have on the moon w i t h  the moon's 
equator .  T h i s  'holds f o r  the MEP-coordinate system as w e l l  
as the t r u e  selenographic  coordinate.  system. Thus, the 
sma l l e s t  poss ib l e  i n c l i n a t i o n  of an o r b i t  around the moon, 
generated by braking a t  p e r i s e l  without plane change maneu- 
vers ,  i s  con t ro l l ed  by the departure phase-angle a t  per igee.  
(The l i m i t a t i o n  i n  i n c l i n a t i o n s  on the  moon t o  f i n i t e  values  
f o r  c e r t a i n  c l a s s e s  of t r a n s i t s  is  a w e l l  known f a c t .  Among 
o t h e r  re ferences ,  r epor t s  by t h e  J e t  Propulsion Laboratory 
pointed t h i s  f a c t  out  q u i t e  c l e a r l y . )  

2. A survey of f r e e  r e t u r n  transits o f  the two symmet- 
r i c a l  kinds can be der ived from the present  survey by 
eva lua t ing  t h e  t r a n s i t s  f o r  having p e r i s e l  e i t he r  a t  the  
earth-moon axis (first  kind) or havin the p e r i s e l  c i r c l e  

a t  t h e  moon (second kind) .  T h i s  s tudy  r equ i r e s  t h e  v a r i a t i o n  
of t h e  te rmina l  a l t i t u d e s .  

t a n g e n t i a l  t o  the zero  longitude o r  1 8 00-longitude c i r c l e  

(See Reference 1.) 

3.  It i s  o f  importance t o  note  that  t he  survey of earth- 
moon t r a n s i t s  contains  i m p l i c i t l y  a l s o  t h e  survey of t h e  
reverse  t r a n s i t s  (from moon t o  e a r t h ) .  T h i s  i s  fol lowing 
from the i m a  e theorems as developed by Angelo Miele. (See 
Reference '2.7 The c l a s s i f i c a t i o n  by means of t r a n s i t  t imes 
i s  preserved i n  the earth-bound d i r e c t i o n .  Thus, no new 
survey need be made. A l l  t h a t  i s  requi red  i s  changing 
c e r t a i n  s ign -de f in i t i ons .  

4. Key f e a t u r e s ,  i n  general ,  were shown here  i n  geometric 
p i c t u r e s .  T h i s  was done purposely t o  enhance a " f e e l "  f o r  
t h e i r  c h a r a c t e r i s t i c  behavior. P l o t t i n g  these f e a t u r e s  on 
diagrams i n  parametric form f a c i l i t a t e s  a cataloguing f o r  
re ference  i n  any p r a c t i c a l  problem. 

as a l g e b r a i c  func t ions  of des i red  parameters.  The r e s u l t i n g  
s t r u c t u r e  of formulas c o n s t i t u t e s  then  the equiva len t  of an 
a n a l y t i c  so lu t ion .  

5. The p l o t t e d  da ta  can be "curve- f i t t ed"  and expressed 

6. The r e sea rche r  who is  s p e c i a l i z i n g  i n  e x p l o i t i n g  t h e  
large automatic computers f o r  t h e  s o l u t i o n  of the earth-moon 
f l i g h t  problem sees  h i s  u l t imate  goal  i n  expressing a l s o  the 
t i m e  h i s t o r i e s  of t r a n s i t s  i n  formulas that  a r e  cons t ruc ted  
by c u r v e - f i t t i n g  methods. 
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